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Abstract 

Using method of inducing, irreducible unitary representation of Cay- 
ley-Klein orthogonal groups were constructed. There was proved that 
Kirilov's method of orbits is relevant for study of the behavior of irre- 
ducible representations under transitions between Cayley-Klein groups. 
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1. Parameterization and invariant measure 

Special orthogonal group SO(n + 1; j) has been defined in [1]. Ex- 
pansion in algebra so (n + as a vector space into direct sum 

so(n+l;j) = N (3C 01 ,X 02 ,...,3C 0n ) ®so(n;j'), (1) 

where j' = (j 2 , js, ■ ■ ■ , j n ); %km are matrix generators (3t Ml/ )^ = 1, 

(%nv)nv = — II Jm-i * s invariant in respect to adjoint representation 

of subalgebra so (n; j') = {X krn , k < m, k,m = 1,2, ... ,n} (special sub- 
algebra in terminology of [2]), because [N , so (n; j')] C No. Applying 
expansion (1) to subalgebra so{n;j') and setting this process forth, we 
obtain complete expansion of algebra so (n + 1; j): 



so (n + = N ®(N 1 ®(N 2 ®---® (N n _ 2 t 
®so(2;j n )))...), 

where N k = N k (X k ,k+i, • • • , X kn ). 

General element X (Q k ) G N k is as follows 



(2) 



X{Qh) = ^2 Qks%ks (3) 
s=k+l 

where Q ks e R; Q k = (Qk,k+i, • • • , Qkn), k = 0, 1, . . . , n - 2, Q n -i = 

= Qn-l,n, X (Q n _i) G SO (2; j n ). 

Exponential mapping brings X (Q k ) into the element of group 
SO{n + 1; j) which can be written as follows: 



s{Qk) 





cos j k+ iQ k 
Qks l 



Qk jk+l 



sin j k+ iQ k 



n 

m=k+2 



j 2 
J m 





Qk? 



\ 



II fm 

m=k+2 



Qk 
QksQk 



j k+1 sin j k+1 Q k 



■(1 - cosjfc+iQfc) 



(4) 



m ) ' 



(n r 
Ql,k+1+ E Qlr II In 
r=k+2 m=k+2 

k = 0, 1, . . . , n — 1, and, in addition, Q n _i = Q n -i,n- 

To expansion (2) of algebra so (n + there corresponds to special 
expansion of the following group transformations q G SO(n + 1; j): 

n-l 

9 = ?(Qo, Ql, • • • , Qn-l) = H s(Qfc). (5) 



fc=0 



Further we shall use this parameterization of group SO (n + 
To find geometrical sense of special group parameters Qk, let us consider 
connected component of unit sphere S n (j) in space M n+ i(j), determined 
by equation 

S n (j) = {x E R n+ l(j)\x 2 + Yx\ TT j 2 m = 1 \. (6) 



lb rc n 

k=l m=l ^ 



Group SO (n + acts transitively on S n (j), which enables to real- 
ize connected component of a sphere as factor-space S n (j) = SO (n + 
+1; j)/SO (n; j') = {s(Qo)}, the latter takes place in parameterization 
(5). Subgroup SO (n;j f ) is stationary subgroup for point Fq = (1, 0, 0) 
on sphere. Acting on Fo by transformation s(Qq), we get point y° = 

Qok 1 

= s (Qo)F on sphere with coordinates 

Qo Jl 

. . n -i rt ■ o^, sinjiQo , 

x smji Q , r = 1, 2, . . . ,n, i.e. pr y u = Q — — — , where pr is projec- 

JiQo 

tion on subspace R n (j') along axis xq. We find from here that s (Qo) is 
a rotation in the plane {x Q }, Q E M. n (j') by angle Q . When y° runs 
through all points on sphere, vector proy fills all projection of sphere on 
subspace M, n (j'). For this reason the range of definition D n (j) of param- 
eter Qo up to a factor is projection of sphere on R n (j'): 

W) = {Qo e R n (f) | Q 2 < or 2 }, ji = 1, 

D„(j) = { R n (j'), j! = L U (7) 

B^(j') = {Qo e R n (f) I Ql > -7T 2 }, ji = i, 
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where B™(j') is a solid sphere of real radius n in I„(j'); B™ n (j') is a solid 
sphere of imaginary radius in in M. n (j'). 

It is necessary to keep in mind that for some values of parameters 
j' the sphere of imaginary radius coincides with the whole M. n (j'), for 
example, for j 1 = i, j 2 = jz = • • • = j n = 1, Qq = Er=i Qor > for 
any Q G R n (j'). 

Repeating the same considerations for sphere S n -k(j^ k '), k = 1,2, 
. . . , n-2, j (fc) = (jk+i, Jfc+2, • • • , jn), we find that s (Q k ) is a rotation in the 
plane {x k ,Q k }, Q k G M n - fc (j (A:+1) ) by angle Q fc , where Q fc < A»-fc(i (fc) ) 
and 

Ai-fc(j (fc) ) = 

Br fc (i (fc+1) ) = e R n -k(j {k+1) ) I < * 2 }» Jk+i = l, 
Mn-fc(j' (fc+1) ), jfc+1 = tfc+1, 

(8) 

For k = n — 1 transformation s (Q n _i) = s (<5n-i,n) is a rotation in the 
plane {x n -i,x n } by angle Q n -i,n, where Q n -i,n G Di(j n ), where 

do-) = {£' 27r) ' f Z\' . «0 

Thus, under expression of elements of group SO (n + l;j) into product (5) 
special group parameters Q k belong to domains D n _ k (j^), described by 
(7)-(9). 

Let us find expression for invariant measure on group SO (n+ in 
parameterization (5). Previously let us establish what is invariant mea- 
sure on spheres. Invariant measure on sphere S n (j) in Cartesian coordi- 

/ n k \ 1 / 2 

nates is known: dF n (x 7 j) = d n x/xo, where xq = I 1 — x \ W. 3m J > 

\ fc=l m=l / 

d n x = dxi, . . . , e&r n . The relation between Cartesian coordinates and pa- 
rameters Qo can be found from equation x = s (Qo) Fq and is as follows: 

xo = cosjiQo) x r = "7T~ — sin QoJii r = 1,2, ...,n. Jacobian of the 

Qo ji 

n-l 



transformation is as follows: 



d(x) 



d(Q ) 
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smjiQo , 1 . r , , 
— — — cosjiQo , and 

J1Q0 



invariant measure on sphere S n (j) under parameterization Q can be writ- 
ten as 

dF n (Q ,j) = f^-^V Vq , (10) 

V JiQo J 

where d n Q = dQ 01 . . . dQ 0n - 

Similarly we find measure on sphere S n -k(j )'• 

Smjk+ ' Qk ) d- k Q k , (11) 

where d n ~ k Q k = dQ k ,k+i ■ ■ -dQ kn . 

For some values of parameters j the squared quantity Q\ can be 
positive, negative or zero. Let D + = {Q k G D \ Q\ > 0}, D~ = {Q k € 
E D\Q 2 k < 0}, D° = {Q k e D\Ql= 0}, then D n . k (j^) = D+_ k (j^) U 
\JD~_ k {j^ k >) U D^_ k (j( k >). In the domain D~^_ k {j( k >) invariant measure 
dF^_ k (Q k , j( k >) is given by (11). In the domain D~_ k (j^) we have 
Qk = iQk-, Qk £ and for measure we get 

dF-_ k (Q k jW) = (^^Y^d^Qk, (12) 

V Jk+iQk J 

The set D^_ k (j^) has dimension n — /c — 1 and its measure is equal to 
zero. 

Invariant measure on group SO (n + in parameterization (5) can 
be written as 

n— 1 , . . (~) \ n — k — 1 

dq(Q , Qi, • • • , Qn-i) = II Sm n " ( 13 ) 

It can be shown that this measure is bilaterally invariant. 

2. Adjoint algebra, adjoint group, co-adjoint representation 

Further we consider groups SO (n + 1; ti,j') isomorphic to groups of 
motions of Cayley-Klein space of zero curvature. To this aim we introduce 
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notations: Q 0r = x r , r = 1, 2, . . . , to, Qq = x, s (Qo) = t (x) = ^ ^ ^ ^ , 

a; G IR^j'). A set of transformations {t(a?)} = N (x) makes Abelian 
group, and group SO (to + 1; ti,j') is semidirect product 

SO(n+ 1; ti,j') = N(x)z>SO(n;f). (14) 



n-l 



The expansion (5) becomes # (a?, Qi, . . . , Q n -i) = t (x) ] \ s (Qk)', invari- 



k=i 



ant measure on the group comes out of (13) for ji = i\\ 

n—l i . „ x n—k—1 

dg(x, Q h ..., Q n _0 = ^ n ( 15 ) 

Jk+iQk J 

Adjoint algebra ad L of Lie algebra L is defined as ad X (Y) = [X, Y] , 
X,Y G L, or in matrix form (ad X) fcm = Yl c Am?A, where X = Yl U\ x \ £ 

A A 

G L, c^ m are structure constants of algebra L in a certain basis. If Y - ' = 
= adX(Y), Y = £y A X A , Y> = £2/ A X A , then relation y' x = 

A A 

= XX a d X) xmUm gives in matrix form the action of adjoint algebra on 

m 

elements of L. 

Let us find matrices of adjoint algebra ad(so(n + l;ti,j')) in basis 
%km- To this aim we draw up generators Xfc m , k < m, in order of increas- 
ing of number A = m + k (to - 1) - k (k - l)/2, A = 1, 2, . . . , to (to + l)/2 
for k < m, fc, m = 0, 1, . . . , n. From commutation relations 



A*2^2 1 



m=/ii+l / 
^2 \ 

II 3m ) X »i»2, < 1*2, V\ = "2, 

m=^2 + l / 

It can be established that for k > 1 matrices of adjoint algebra of 
elements X (Qk), given by (3), has block diagonal structure adX (Qk) = 
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= \ a ^ V Let us consider only diagonal block A n , i.e. the 

V U A n(n-l)/2 J 

part acting on commutative subalgebra A (£oi? • • • ■> %0n), keeping for this 
block the notation n,dX{Q k ). We have adX (x) = 0, adX(Q k ) = 
= X ((Qk), j^), k = 1,2, . . . ,n - 1, where matrix X ((Qk), j^), comes 
out of matrix X (Qk) by deleting zero first row and zero first column. 

Adjoint group Ad(go) of Lie group G = expL, g = expA (Fq), is 
connected with adjoint algebra a,dX (F ) by relation Ad(go) = 
= exp(adX (i^o)), and its action on elements g = ex.pX(F) of group 
G is described by formula 

Ad(g )g = goggo 1 = expX (Ad (g )F). (16) 

In the case of group SO (n + 1; ti,j') we consider only that part of matrix 
of adjoint group which acts on subgroup iV (x). It is possible due to block 
diagonal structure of matrices of adjoint algebra. Under such condition 
Ad(t(x)) = /, and Ad(s(Qk)) = s (Qk), = 1,2,..., n— 1, where matrices 
^s(Qk) come out of matrices s (Qk), which are described by (4), by deleting 
the first column and the first row, i.e. substituting I k for Ik-i- To the 

n-1 

expansion g = t (x) \\ s (Qk) of element of group SO (n + 1; ti,j') there 

k=l 

corresponds the expansion of matrix of adjoint group: 

(n— 1 \ n — 1 n — 1 

t(x) n s(Q k ) ) = n Ad ( s ^)) = n w*)- ^ 
k=l ' k=l k=l 

Unitary irreducible representations (characters) of Abelian group of 
translations (x) are one-dimensional. Each character can be written as 
follows 

H(t(x)) = exp(i(h,x}) = exph^/i fc a; fe j, (18) 

^ k=i ' 

where hk G M, and group of characters N (h) is isomorphic to N (x). The 
action of subgroup SO (n; j') on N (h) is given by 

kH(t(x)) = f H(k~ 1 t(x)k) = exp(z, (h, Ad (k~ 1 )x)), (19) 
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where k e SO n (f). 

If adjoint group Ad(fc) acts in N (x) according to the rule x' = 
= Ad(k) x, then co-adjoint group (co-adjoint representation) Ad*(k) acts 
in space of characters N (h) according to the rule h' = Ad*(k) h, and this 
action can be found from relation (Ad* (A;) h, x) = (h, Ad(k~ 1 )x). In ma- 
trix realization the last requirement gives Ad*(k) = [Ad(k~ 1 )] T . Because 
s~ 1 (Qk) = s(—Qk), we have Ad*(s(Qk)) = [s(— Qk)] T , or in explicit 
form, 



Ad*(s(Q k )) = 



fh-i 
o 



V 







n 

m=k+2 



i 2 

Jm 





Qk 



Qk 



jk+i sin jk+iQk 







\ 



Qks i 



n 

m=k+2 



Qk jk+i 

Q krQ ks 



sin jk+iQk 



i 2 

J m 



Ql 



(1 - COS jk+lQk) 



(20) 



To the expansion (5) of elements of group SO (n + 1; ti,j') there corre- 
sponds expansion of co-adjoint representation 



n-l 



k=i 



n-l 



Ad*(g) = Ad* t(x) J"[ s(Q k ) = J] Ad*(a(Q fc )). (21) 



A:=l 



3. Orbits in space of characters and their stationary 
subgroups 

A set of all h = Ad* (k) ho, when k runs over all transformations 
of SO(n;j'), is called orbit O (ho) of character h in respect to sub- 
group SO (n;j'). It is known [3] that in the case of semidirect products 
space of characters (h) is splitted into disjoint orbits, i.e. surfaces in 
(h) invariant in respect to action of co-adjoint representation of group 
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Ad* (SO (n;j')). For group SO (n + 1; ti,j') the equation for orbits can be 
obtained, substituting generators Xofc, k = 1, 2, . . . , n, in Casimir opera- 
tor of the second order Ci (t>i,j') for Cartesian coordinate functions in 
space N (h). Casimir operator C2(j) of group SO (n + is as follows: 



<Mi)=n( n 

+ E (lUM IT ( 22 ) 

a 2 >ai = l ^m=l ' \=l+a 2 ' 



For j! = Li the second sum in (22) vanishes, and Casimir operator of group 
SO (n+1; is reduced to the first summand in (22). Substituting then 

Xor for h r , we obtain the equation of orbits 



e n 

r=l ^m=r+l 



J m 



K + K 



mv. 



(23) 



The invariant in the right side of (23) can be positive, negative or zero. 
Positive values inv = R 2 > can be taken for any values of parameters 
j', negative values inv = — p 2 < - for all values of j' except for j' = 1 
and j' k = ■ ■ ■ ,jn-k-i, i^n-kA, ■ ■ ■ A), k = 0, l,...,n-2. Zero values 
inv = are possible for any values of parameters j'. However, for j' = 1 
orbit degenerates into point o = (0, . . . , 0); for j' k , k = 0, 1, . . . , n — 2, 
orbit is entirely situated in subspace M n _fc_i C M n , and, consequently, its 
dimension is less than n — 1. In all other cases the dimension of orbit is 
n-1. 

Substituting in Euclidean space M n Cartesian coordinates h r for h r x 
x r I 3mi r = 1, 2, . . . , n — 1, we obtain space M n (jf') with scalar pro- 

m=r+l 

n— 1 / n \ ^ 

duct (h, h)y = I n ) + Then space of characters iV (/i) = 

r=l \m=r+l / 

= M n (j'), and the orbits are spheres in space M n (j') of real R > 0, ima- 
ginary zp, p > 0, and zero radius. Depending on values of parameters j', 



9 



spheres of nonzero radius are either connected, or consist of two connected 
components. Let us consider cases of real and imaginary radius separately. 

Let inv = R 2 , R > 0. Generators of rotations in planes {hk,h r } of 
space R n we denote Y^r- These generators are compact, if under transition 
from M n to M. n (j') they are multiplied by real number, and noncompact, 
if they are multiplied by imaginary or dual number. Let us consider gen- 
erators Y rn , r = 1,2, ...,n— 1, of rotations in planes {h r , h n }. Under 

n 

the above mentioned transition they are multiplied by \ j j m . If all 

m=r+l 

these generators are noncompact, then the orbit consists of two connected 
components, differing in sign of hk- But if at least one of these generators 
is compact, then the orbit is connected. Positive part of coordinate axis 
intersects each connected orbit at the point M + = (0, ...,0,h n = R), 
and when the orbit consists of two components, the whole axis inter- 
sects one component at the point M + , and the other - at the point 

n 

M~ = (0, . . . , 0, h n = —R). Analysis of products f] Jm enables to 

m=r+l 

state the following proposition. 

Proposition 1. Orbits (23) of positive radius make one family, 
which is characterized by points M + for j' = (j 2 , . . . ,jk,jk+i = hjk+2 = 
= 1, . . . , jn-i = 1, jn = i), k = 1, 2, . . . , n — 2. In other cases orbits make 
two subfamilies, one of which is characterized by points M + and the other 
- by points M~ . 

Let inv = — p 2 , p > 0. If j m +i = i and parameters j m +2 = ■ ■ ■ = 
= j n = 1) then points P+ = (0, . . . , 0, h m = p, 0, . . . , 0) are intersection 
points of axis h m with orbits of imaginary radius. Generators Y rm , r = 

m 

= 1,2, ... ,m— 1, are multiplied by f] ji. Similarly to the previous case, 

l=r+l 

the following proposition is valid. 

Proposition 2. Orbits (23) of imaginary radius make one fam- 
ily, characterized by points P+ for j' = (j 2 , ■ ■ ■ , j m -i, jm = hjm+i = 
= hjm+2 = 1, • • -Jn = 1), rn = 2,3, . . .,n-l and j' = (j 2 , . ..,j r ,j r +i = 

= hjr+2 = l,...,j m -l = l,j m = hjm+1 = h jm+2 = l,...,j n = 1), 

r = 1, 2, . . . , m — 2. In other cases orbits make two subfamilies, one of 
which is characterized by points P+, and the other - by points = 
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= (0,...,0,/i m = -p,0,...,0),p>0. 

The equation (23) for inv = gives one orbit and not their family. 

For j' = (j 2 , • • • ,j n -k-l,jn-k = l>n-k,jn-k+li---JaJs+l = hjs+2 = 

= l,...,j n = 1), where j' n _ k+1 , ■ ■ ■ J' s = 1, i, s = n-k, n-k+1, . . . , n-1, 
= 0, 1, ... ,n — 2, orbit of zero radius can be characterized by points 
O = (0, . . . , 0, h a = ±1, 0, . . . , 0, h n = ±1). 

Definition 1. Group K-^ = {s G SO(n;j') | Ad*(s)h. = ho} is 
called stationary subgroup of orbit O (ho). 

Using (20), (21) we find for the family of orbits of positive radius 
that stationary subgroup of points is subgroup of group SO(n;j'), 
consisting of transformations, leaving invariant axis x n , i.e. K M ± = 
= SO (n — l;j2, ■ ■ ■ , jn-i)'i moreover, transformations s (n) G SO (n — 
— I;j2, • • • ,j n -i) can be written as follows: 

n-2 

s(n) = J] s(Q k (Q kn = 0)). (24) 
k=i 

For the family of orbits of imaginary radius stationary subgroup of 
points is subgroup of group SO (n;j'), leaving invariant the axis x m , 
i.e. K p ± = SO™_ 1 (j2, ■ ■ ■ , j n )i where transformation s(m) G SO m {n — 
) is as follows 

m — 1 n—1 

s(m) = J] s(Q k (Q km = 0)) J] s(Q r ). (25) 

k=l r=m+l 

4. Irreducible unitary representations 

Group Kh is stabilizer of character ho in respect to action of co- 
adjoint representation of group SO (n;j'). Let Th be irreducible unitary 
representation of group K h(j in some Hilbert space Ht- Then irreducible 
unitary representation e lh ° <g> Th of subgroup N (x)'E)Ki l0 is realized in 
Ht by relation 

e ,h °«r ko (t(^(M) = e^>T h() (s(ho)), (26) 
where t (x) G (x); s (h ) G -K"h - 
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If inv = R 2 then h = M ± : (ho, x) = ±Rx n , and irreducible unitary 
representation of subgroup N(x)^>SO(n — l;j2, ■ • • > jn-i) is 
e ±iRXn T M ±(s (n)). If inv = — p 2 , then h = P^ 71 , {h Q ,x) = ±px m and 
irreducible unitary representation of subgroup N (x)E)SO m (n — is 
e ipXm T p ±(s(m)). 

Each irreducible unitary representation of group SO (n + 1; L±,j ) = 
= N (x)x)SO (n; j') is induced by irreducible unitary representation 
gih ^ Q f j^g su i;)g roU p N (x)e>Ky 1q . Let us denote these represen- 
tations of group SO (n + 1; ti,j') by symbol uJh ,T- Operators cuh ,r act 
in Hilbert space of square-integrable functions on SO (n; j') 

H ho ,T ={f\f(k(Q)) G L 2 (SO(n;j'))LT ho (s(ho))f(HQ)s(h )) = 

=f(k(Q))Vs(h )EK ho , k(Q)ESO(n;j')} (27) 

according to the rule 

u ho , T (t(*)HQ))f(HQ )) = 

el (h ,Ad( fc - 1 (Q»))x) /(A ,-l ( Q )A , ( QO )) _ (28) 

Let us evaluate vector a:*™ -1 ) = Ad (k~ 1 (Q)) x. Group element 
k (Q) G SO(n;j') in parameterization (5) can be written as product 

n-l 1 

k(Q) = EI s (Qk)- Then k~ l (Q) = } \ s(—Qk) and, correspondingly, 

fc=l fc=n— 1 

1 

Ad = J [ Ad (s (— Qk))- Let us introduce notations: 

k=n— 1 

1 

= Y[ Ad(s(-Q r ))x, (29) 

r=fc 

X k = x k -^— sin jk+iQk + ®!^ X (1 - cos jk+iQk), (30) 



<3p jfe+] 



sinj fc+ iQ fc + ^ - — (1 



QpQi 



COS jk+lQk), 



p<k, 



(31) 
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Y k = x k cosjk+iQk H 75 Jfc+i sin Jk+iQk, 



d Qpfc ■ ^ . (Qpj Qk) ■ • ■ r\ 
B p k = -yr- COSJk+lQk + n n Jk+1 SlIlJk+iQk, 

p<k, 



(Q k ,x)= ( II JljQkrXr, 

r=k+l \=k+2 ' 

(Q P ,Qk)= Yl ( II ^ijQpvQk 

r=k+l \=k+2 ' 



ri 



where Yi 3i = 1 for r < /c. Rather cumbersome calculations give: 

i=k 



r-l 



%r ^ %r ^ ^ ^ DpBp ri T 1, 2, . . . , /c, 

p=l 

x^, ^ = x r ^ ^ Dp ~~r , r = k-\-\jk-\-'2j...jTij 
P =i ^ p 

where coefficients _D p satisfy recurrent relation 

p-i 

Dp = X p — ^ D s A sp , Di = Xi. 

To find Dp, we proceed to the set of linear equations 

p-i 

D P + Y D ~ sA s P = X p 

8 = 1 

13 



or in matrix form AD = X, where A is triangle matrix of dimension p 
with units on main diagonal; nonzero matrix elements are (A) rs = A sr , 
s < r, s = 1, 2, . . . ,p — 1, r = 2, 3, . . . ,p. It is obvious that det A = 1. By 
Cramer rule, we find 



D p = det 



1 













A 12 


1 








x 2 


A 13 


-423 


1 





x 3 



Xp-i 



Ap-i, t 



X r 



(38) 



Ai, p -i A.2 )P -i A 3)P -i 
Ai, p A 2 , p A 3 ,p 

Thus coefficients D p are determined up to evaluation of determinant of 
p-th order. Knowing D p , one can find from (35) that 

n-l qO 

x^~ 1] = (Ad(k-\Q°)x) n = x n -J2 D ° P 7W' (39) 

P =i 

m — l 

X m ^ = x m ^ = Y m — DpB prn . (40) 



Hence, to family of orbits of real radius R > there corresponds 
a series of irreducible unitary representations of group SO (n + 1; 
which is realized by operators 

co% TM (t(x)k(Q))f(k(Q°)) = 

= exp|±ifl^„ -J2 D p^t) }f(k-\Q)HQ )) (41) 

in Hilbert space TLr,t m ■ 

Family of orbits of imaginary radius ip, p > 0, gives a series of irre- 
ducible unitary representations of group SO (n+1; ti, j'), which operators 



a% Tp (t(x)k(Q))f(k(Q°)) = 
= expjizp^ - £ D° p B° p m) )f(k- 1 (Q)HQ )) 



(42) 
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act in Hilbert space 7i Py T Pm - The sign plus and minus in (41), (42) are 
chosen in accordance with Propositions 1 and 2. 

Let us consider the simplest case j[ = i[, = ^2, • ■ ■ > jn = L n- Group 
SO (n+l;i) is group Z (n+ 1) of the lower triangular matrices of n + 1-th 
order with units in the main diagonal and all elements above the main 
diagonal equal to zero. For n = 2 group SO (3; l±, 12) is Heisenberg group, 
for which we, using (30), (31), (38), (41), obtain irreducible representations 

u,±(t(x)s(Q 12 ))f(s(Q° 12 )) = e ±iR ^-*^f(s(Q° 12 - Q 12 )), (43) 

coinciding with known representation of this group [4]. For n > 3 we 
derive from (41) irreducible unitary representations of group Z (n + 1) 
[5]. Comparing, it is necessary to keep in mind that in the handbook by 
D.P. Zhelobenko, A.I. Stern [5] operators of representation act on functions 
depending on other variables that occurring in (27). 

Using the method of inducing, we have constructed irreducible unitary 
representations of groups SO (n + 1; ti,j')- Can all these representation 
be obtained from irreducible representations of group SO (n + 1; ti, 1) = 
= N (x)x)SO (n; 1) of notions of n-dimensional Euclidean space? (Repre- 
sentations of Euclidean group are described by (27), (41), when all param- 
eters take unit values: jk = 1.) One can, first, derive only representations 
lu, corresponding to orbits of real radius. Second, parameter R > 0, which 
numbers irreducible representations of Euclidean group, has to be substi- 
tuted for ±R in accordance with Proposition 1, in order to obtain both 
series of irreducible representations, when they exist. 

Under transition from Euclidean group to SO (n + 1; ti,j') subgroup 
SO (n) turns into SO (n; j'). This changes space of functions (27), namely: 
the range of definition for functions changes, therefore the requirement of 
square-integrability changes the functions, the structural condition, im- 
posed on functions, is modified as well, because stabilizer of character 
SO(n- 1) goes into SO (n - 1; j 2 , . . . , j n _i). 

Operators of representation (41) change less radically. Here elements 
g* of Euclidean group are replaced by elements g G SO (n + 

and the exponent R*(x*,Q*) under transition ip: SO (n + l;ti,l) — > 

k 

-> SO(n+ j'), ifjxl = x u tpx* k = x k R j t , k = 2,3,...,n, ipQ\ = 

1=2 
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k 



n 



= Qpk ]~[ jh V < k, p, k = 1, 2, . . . , n, acquires factor Yl ji- F° r this rea- 



son it must be transformed according to the rule R (cc, Q) = I Yl 3\ 1 ) x 



xR*(i(jx*, ipQ*). (All quantities, referring to Euclidean group are marked 
with asterisk.) 

Because under pure contractions orbits of imaginary radius do not 
emerge, we, transforming irreducible representations of Euclidean group, 
obtain irreducible representations of contracted group. Moreover, if j r = 
= irjr+i = ■ ■ ■ = jn = 1, and parameters j m = 1, t m , i, m = 2, 3, . . . , r-1, 
then such groups do not have orbits of imaginary radius, and all their irre- 
ducible representations can be obtained, as described above, transforming 
irreducible representations of Euclidean group. 

Only transitions from Euclidean group similar to analytical continua- 
tion and combination of contractions and analytical continuation, different 
from mentioned in previous paragraph, give irreducible representations of 
contracted groups, corresponding to orbits of real radius, and do not allow 
to obtain representations corresponding to orbits of imaginary radius. Let 
us remind that we have not considered representations generated by orbits 
of zero radius. Let us notice as well that Kirilov's method of orbits [3] 
proves to be relevant for study of the behavior of irreducible representa- 
tions under transitions between groups. 

The authors are grateful to Yu.A. Danilov for helpful discussions. 
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